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' Abstract. Two examples of Diff ^S'^-invariant closed two-forms obtained from forms on jet 

bundles, which does not admit equi variant moment maps are presented. The corresponding 
cohomological obstruction is computed and shown to coincide with a nontrivial Lie algebra 
, cohomology class on H'^{X{S^y). 
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1 Introduction 

> , 

OO , Let p: E ^ M he a bundle over a compact, oriented n-manifold M without boundary. In [1] the 

forms on the jet bundle of degree greater than the dimension of the base manifold are interpreted 
^SJ ' as differential forms on the space of sections by means of the integration map 9: Vl'^~^^{T'E) 

\^ : n^{T{E)) (see Section [2] for the details). 

I In particular, if a is a closed (n-|-2)-form on J^E and is invariant under the action of a group Q 

on E, then Q[a] determines a ^-invariant closed two-form on T{E). In [1] this is applied to 
the case of connections on a principal bundle, and in [3] to the case of Riemannian metrics. 
Moreover, in those cases canonical moment maps for these forms are obtained. The moment 
^ ' maps are obtained using the fact that the closed two-forms came from characteristic classes of 

■ an invariant connection, and the moment maps came from the equivariant characteristic classes. 

In general, however, if a € Q"~^'^{J^E) is closed and ^-invariant, then ^[a] does not admit 
a moment map necessarily because cohomological obstructions could exist (see Section [3] for the 
details). In this paper we present two examples where this happens. In the first example we 
consider maps and the action of the orientation preserving dif feomorphisms on . We 

define an invariant closed two-form on the space 21 = : 5^ — > 5^ : u(t) 7^ 0, Vt € S^}, and we 
show that the obstruction to the existence of an equivariant moment map is a nontrivial class 
in the Lie algebra cohomology of X{S^). 

In the second example we consider regular closed plane curves and the same group as in 
the first example. The invariant cohomology of the corresponding variational bicomplex is 
computed in [8] and a generator of degree 3 appears. Again we show that the closed two- 
form corresponding to this form does not admit an equivariant moment map by computing the 
corresponding obstruction in the cohomology of the Lie algebra X{S^) of vector fields on S^. 



*This paper is a contribution to the Special Issue "iillie Cartan and Differential Geometry". The full collection 
is available at |http:/ /www.emis.de/journals/SIGMA/Cartan.html| 
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2 The integration map 

Let p: E ^ M he a bundle over a compact, oriented n-manifold M without boundary, and 
let J^E be its r-jet bundle with projections pr ■ J^E M, p^^s '■ J^E — > J^E for s < r. 
A diffeomorphism (p € DiHE is said to be projectable if there exists (p G DiffM satisfying 
(j)op = po (j). We denote by ProjE' the space of projectable diffeomorphism of E, and we denote 
by Vmi^E the subgroup of elements such that (p G Diff"'"M, i.e., cp is orientation preserving. 
The space of projectable vector fields on E is denoted by proji?, and can be considered as the 
Lie algebra of Proji?. We denote by (p^'''^ (resp. X'^'^^) the prolongation of </> € Proj£^ (resp. 
X G proj£;) to .FE. 

Let T[E) be the space of global sections of E considered as an infinite dimensional Frechet 
manifold (e.g. see [3 Section L4]). For every s € '^{E) we have TsT{E) = T{M, s*V{E)), where 
V{E) denotes the vertical bundle of E. The group Proji? acts naturally on T{E) in the following 
way. If G Proj-E, we define (pr{E) ^ Diffr(£') by 4)r{E)is) = o s o for aU s G r(£^). In 
a similar way, a projectable vector field X G proj£^ induces a vector field X^^e^ G X(T{E)). 

Let j^ : M X T{E) — > J^E, j''(x, s) = jj^s be the evaluation map. We define a map 

n'^+''{rE) n''{T{E)), 

by setting 

'^[a]= [ or a, 
Jm 

for a G $7"+'' (/'■£'). If q G rt^{J''E) with k < n, we set Q[a] = 0. The operator SJ satisfies the 
following properties: 

Proposition 1 (cf. [IJ). For alia G Q.'"''^^ [J^ E) the following formulas hold: 

1. Q[da] = dQ[a]. 

2. S[((^W)*a] = 0*(^)9[a], for every (/) G Proj+^. 

3. Q[Lj^(r)a] = Lx^^^^Q[a] for every X G projii^. 

4. S>[ij^(r)a] = tXr(B)QM for every X G proj 

If a G J7"+^(J'^^), s G r(^), G r,r(^) ^r{M,s*V{E)), then 

Q[aUXi,...,Xk)= [ {fs)*{i ,r)---L (r)a). (1) 

J M 1 

There exists a close relationship between the integration map Sj and the variational bicomplex, 
see [2] for the details. 

More generally, if i? C J^E is an open subset and 7^ = {s G '^{E) : j^s G i?, Vx G M} is the 
space of holomonomic sections of i?, then the integration map defines a map 9: — > 
^7'=(7^). 

3 Cohomological obstructions to the existence of moment maps 

Recall the obstructions for the existence of a moment map for an invariant closed two-form, e.g., 
see [7]. 

Let w be a closed two-form on M and G a group acting on M and preserving uj. We have an 
infinitesimal action q — > j£(M), X i— > Xm- 
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The action is said to be weakly Hamiltonian if for every X € g the form i^Xm^ exact, i.e., 
if there exists a map ^: g ^ C°°(M) such that for every X € we have lXm^ ~ d-if^iX)). 
The action is said to be Hamiltonian if there exists a G-equivariant moment map. At the 
infinitesimal level, if : g — > C°° (M) is G-equivariant then we have Lx /-f = for every X G g 
and the converse is true for connected groups. 

If the action is weakly Hamiltonian, the obstructions for the action to be Hamiltonian lie in 
H'^is): If /i: ^ G°°(M) satisfies /-Xm^ = d{fJ,{X)), we define r: 3 x g ^ M by, 

t{X,Y) = = ^i[X,Y])+LY,,{fiiX)). 

It can be seen that r is closed, that the cohomology class on H^{q) is independent of the fi chosen, 
and that the cohomology class of r on H'^{q) vanishes if and only if there exists a moment map 
fi' : Q ^ C°°{M) such that l-Xm^ = d{fi'{X)) and LxfJ-' = for every X G Q. In particular, if 
the cohomology class of r is not zero, then the action is not hamiltonian. 



4 Cohomology of smooth vector fields on S 

In our examples we apply the preceding results to the action of the diffeomorphism group of S^. 
Hence the Lie algebra cohomology of X{S^) appears. This cohomology was first computed by 
Gel'fand and Fuks in [5] and is well known (e.g. see [1]). The continuous cohomology H(X{S^)) is 
isomorphic to the tensor product of a polynomial ring with one two-dimensional generator a and 
the exterior algebra with one three-dimensional generator b. The two-dimensional generator a 
is given by, 

where X = fit) f^,Y = g{t)j^. 



5 Mappings 

In this first example we consider the trivial bundle E = x S^, whose sections are 

mappings u: ^ S^, and the action of Diff+S^ on E by (0, (t, u)) 1— > {(j){t),u) for cj) G Diff+S*^ 
and {t,u) G 51 X 

The coordinates on x are denoted by {t,u) and those on J^E by {t,u,u,u). 
If X = f{t)^ G X(S'^), then its prolongation to J^E is given by. 



,.0^ ,d df d fd^ df \ d 

^ -^9^-^"a^-Vd^" + 'd^"jail• 



(2) 



We consider the open subset A C J'^E defined by the condition it 7^ 0, which is Diff^5^- 
invariant, and the form 

a = -^dt Adii Adil € i}^{A). 

It is readily seen that a is closed and that L^(2)cr = for every X G X{S^). By applying the 
integration operator 9 we obtain a Diff'''S'^-invariant closed two-form uj = 55[cj] G r2^(2l) on the 
space 21 of holonomic sections of A 

21 = {u: ^S^ : u{t) / 0, Vt G S^} . 
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In our case, if s : 5^ — > 5^ x S*-*^ is the section corresponding to n: 5^ — > 5^, then Tsr{A) 

r{s\s*v{E)) ^ r{s\TS^). 

In local coordinates, ii H = h{t)^, then its prolongation to j'^E is given by, 
r d dh d (Ph d 



' du dt dii dt'^ du 
Using this expression and formula ([2]) we obtain the explicit expression of uo: 

Proposition 2. IfH,K G TsT{A) are given by H = h{t)^, K = k{t)-§^, andu: then 

,rr r.^ f f duY^ / d"^ h dk dhd^k\ , 

Moreover, we have a = da, where a = u~^dt A du, and then, 
'■j!f(2)(T = Lj^{2)da = L-^{2)0. — d{i^{2)Oi), 
for all X € X(5'^). By using ([2]) we also obtain, 
d^/l / df du\ 



Lx(2)a = ~~rT~dt Adii = d 



dt"^ u \ dt u J 

and hence, 

where 

df dii 

Accordingly, the action of Diff^S"^ on (21, w) is weakly Hamiltonian with moment map ^{X) 
'^[p{X)\, yX e X{S^), as we have 

The explicit expression of fi is the following: 
Proposition 3. If X = fit)-^ andu: ^ , then 

(Y^ [ (duy^ ( d^u dfd^u d^fdu\ 

However, the action is not Hamiltonian. 
Proposition 4. If X = f{t)j^, Y = g{t)f^, then 

"^^'^) = -^ [-dFd-t-dt^)'^'- 
Proof. From the definition of r we have 

TiX,Y) = Lk,a^(X) + ^([X,y]) = Q[Ly^,,piX)] + ^pi[X,Y])] 

= s>[L^(.)/>x) + />([x,y])]. 
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From the definition of p we have 

(dx du \ 



d ( dg dg\ dii 



By using ([2]) we obtain 



T ( \ ^ (T \ d^gdii dfd'^g 

( dfdu\ _ d'^fdu dfd'^g 

dt V dt ^dt ii V df^ ^ df^ I ii' 



and hence, 



L^(.)p(X)+p([X,y]) = 2||fdt. 



As 



dt dt^ V dt^ dt dt dt^ J \dt dt 

we finally obtain, 

I'dfd^g f fd'fdg dfd^g\ 

Accordingly to Section S] the expression obtained in Proposition [5] determines a non-trivial 
class on the Lie algebra cohomology of X{S^), and hence (r) 7^ in //^(X(S'^)). Hence we obtain 
the following 

Corollary 1. The action of Diff^5^ on (21, w) is not Hamitonian, i.e., uj does not admit 
a Y)\ii~^ -equivariant moment map. 



6 Regular plane curves 

Let £' = 5^ X — > 5^ be the trivial bundle. Global sections of E are none other than 
mappings u: M^, u{t) = {x{t),y(t)). Coordinates on E are denoted by {t,x,y) and by 

(i, X, y, X, y, x, y) the coordinates on J^E. 

We consider the open set TZ C J^E defined by the condition x? ^ip' ^ 0, and corresponding 
to the 2-jets of regular curves. The holonomic sections of It constitute the space D^eg C r(ii^) 
of closed regular plane curves. 



O^eg = |n: 5^ ^ : \u{t)f / 0, Vt € 5^} . 



The group Diff5 acts on E by 1— > {(p{t),u), for every (j) G DiffS" . This action induces 

A 

dt 



an action on J^E and clearly TZ is invariant under this action. If X = fA G X{S^), then its 



prolongation to J E is given by 

~ht dt^'dx dt^dy \dt^^ dt"") dx [dt^y^^dt^ 
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Let us consider the 3-form on TZ given by 
a = v~'^dt Adv A dv, 



where v = yx^+ip, v = v~^{xx+yy). This form appears in [8] as a generator of the cohomology 
for the invariant cohomology of the variational bicomplex for regular plane curves. It is easily 
checked directly that L-^(2)a = for every X G X{S^) and that da = 0. 

Let (J = ^[o"] € where 9: Q^{TZ) — > r2^(fHeg) is the integration map. By the properties 

of 9, we know that w is a closed and Diff'^S^-invariant two-form on 9^eg. 

We apply the results of Section [3] to the - infinite-dimensional - case of the Diff'''S'^ -action 
on (9^e0,u;). 

Let a G 0^(7^) be the form given by, a = v'^dt A dv. Clearly, we have da = a, and hence 
i-xC^)^ = i-xC^lda = L^(2)a — d{ix{2)a), for every X e X{S^). 
As a direct computation shows, we have 

Lxmv = -^v, (3) 



dt 



and hence 



d^f , dv , df\ dv , / df dv\ 
Ly(2)a = — -4rdt A — = -d \ ^ \ A — = d \ — f-— . 5 
' dt^ v \dt J V \ dt V J ^ ' 

Hence we obtain 

/ dfdv\ ( df dv 

,^,2,a = d [--- J - 4.^(.)a) = d - ,^,2,a 

If we set 

dt v 

then the action is weakly Hamiltonian, with moment map 

However, the action is not Hamiltonian. 
Proposition 5. If X = f{t)j^, Y = g{t)f^, then 

Proof. We have 

t{X,Y) = Ly„^^/i(X) +^([X,y]) = Q[Ly,2,p{X)]+Q[pi[X,Y])] 
= Q[Ly,2,p{X)+p{[X,Y])], 



and 



LY(2)piX) + p{[X, Y]) = Ly(2) (^-^^^ - -^y{2) (''X(2)") 

d ( dg df\ dv 
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By using ([3]), and ([5]) we obtain 

Ly(2) ('-x(2)«) + ''[x(2),y(2)]« = ''X(2) (-^y{2)a) = -j^ ("'^V ~ ^^*) 



dt V dt ^dt V V df^ ^ dt^ I v' 



and hence, 



Ly,,,p{X)+p{[X,Y]) = 2f^'^dt. 



As 



dt dt^ V dt^ dt dt dt^ J \dt dt 

we finally obtain 

.4fA,. f fd^fdg dfd^g 



riX,Y)=[ 2f'^dt = -[ 
^ ' ' J SI dtdt^ J SI 



dt. 



dt"^ dt dt dt"^ 

As we obtain the same result as that in the preceding example, we also obtain the following 

Corollary 2. The action o/ Diff"*"5^ on (lHeg,u;) is not Hamitonian, i.e., uj does not admit 
a DiH'^ -equivariant moment map. 
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